Abstract. We determine the norm Euclidean orders in a positive definite quaternion algebra over Q.
Introduction
Lagrange (1770) proved the Four Square Theorem via Euler's four square identity and a descent argument. Hurwitz [4] gave a quaternionic proof using the order ƒ.2/ with Z-basis: 1; i; j; the standard basis of the quaternions. The key property of ƒ.2/ is that it is norm Euclidean, namely, given˛;ˇ2 ƒ.2/ withˇ¤ 0, there exist q; r 2 ƒ.2/ such that˛Dˇq C r and N.r/ < N.ˇ/. Liouville (1856) showed there are exactly seven positive definite quaternion norm forms (that is, 2-fold Pfister forms) x 2 C ay 2 C bz 2 C abw 2 , with a; b positive integers, that represent all positive integers. These are .1; a; b; ab/ D .1; 1; 1; 1/, .1; 1; 2; 2/, .1; 1; 3; 3/, .1; 2; 2; 4/, .1; 2; 3; 6/, .1; 2; 4; 8/ and .1; 2; 5; 10/. See Volume III of Dickson [1] for more details. Recently Deutsch constructed norm Euclidean orders to prove the universality of all but the last. Here we show there are, up to equivalence, exactly three norm Euclidean orders in a positive definite quaternion algebra over Q. This includes one in . 
Quaternionic Orders
We denote by Q a positive definite quaternion algebra over Q. Write Q D . 4 . An order in Q is a finitely generated Z-module A Q such that A is a ring and Q˝Z A D Q.
We recall the basic properties of orders.
Lemma 1. Let A be an order in Q.
(1) A \ Q Z.
(2) A is closed under conjugation. Proof.
(1) If p=q 2 A for relatively prime integers p and q, then all p n =q n 2 A, contrary to A being finitely generated over Z. Let Q 1 and Q 2 be quaternion algebras over Q and let A Q 1 ; B Q 2 be orders. We call A and B isomorphic if they are isomorphic as rings. An isomorphism ' W A ! B fixes Z so ' is a Z-module map that preserves conjugation. In particular, N.'.˛// D N.˛/ so that if A is norm Euclidean, then so is B. Further, if q 1 is a norm form for A and q 2 is a norm form for B, then q 1 and q 2 are Z-isometric.
Conversely, if q 1 and q 2 are Z-isometric, then the isometry extends to a Q-isometry and so an isomorphism Q 1 ! Q 2 . This restricts to an isomorphism A ! B. For details see [6] or [5] .
The following is well known, but we have been unable to find the result in the literature. Here ƒ.n/ denotes the maximal order of reduced discriminant n, see [3] for further information. The same paper gives the basic facts about the genus and class of an order that we need. 
where Theorem 2] gives that the genus of A is the class of A. The result follows from the discussion on p. 232 of [3] . Now ƒ.2/ is the Hurwitz algebra and so norm Euclidean. The algebra ƒ.3/ is isomorphic (the norm forms are equivalent) to the algebra H 1;3;3 constructed by Deutsch [1] and so it is also norm Euclidean. The algebra ƒ.5/ will be shown to be norm Euclidean in the next section. To test ƒ.7/ and ƒ.13/ we will use the following.
Lemma 3. Let A be an order in Q. Then A is norm Euclidean if and only if for all h 2 Q there exists a q 2 A such that N.h q/ < 1.
Proof. ()) Let h 2 Q D Q˝Z A. Clear denominators to get n 2 Z such that nh 2 A. We have nh D nq C r for some q; r 2 A with N.r/ < N.n/ D n 2 . Then N.h q/ D N.r=n/ < 1.
(() Let˛;ˇ2 A withˇ¤ 0. Set h Dˇ 1˛2 Q. We have by assumption q 2 A with N.h q/ < 1. Set r 0 D h q. Then we have˛Dˇq Cˇr 0 and N.ˇr 0 / < N.ˇ/.
For each order we give the norm form, complete squares and deduce a Z-basis v 1 D 1, v 2 ; v 3 ; v 4 . We then test 3. We use the notation throughout of q D P a i v i , with each a i 2 Z so that q 2 A. We also write q D P q i e i , where the e i form the usual basis of Q.
For ƒ.7/ Q D .
1; 7
Q / the norm form, representation by completing squares, and additional basis elements are, in order
So ƒ.7/ is not norm Euclidean. For the algebra ƒ.13/ Q D .
7; 13
Take h D 4 .1 C e 2 C e 3 C e 4 /. For q 2 ƒ.13/ we have
Assume N.h q/ < 1. From 13. . We get
A computer search shows that there are only four such q i arising from integral a i : . We summarize:
Theorem 4. The norm Euclidean orders in a positive definite quaternion algebra over Q are, up to isomorphism, precisely ƒ.2/; ƒ.3/ and ƒ.5/.
Note that the three orders of (4) are in distinct quaternion algebras.
Corollary 5. Let Q be a positive definite quaternion algebra over Q. Let A and B be orders in Q. If A and B are both norm Euclidean, then they are isomorphic.
Norm Euclidean Quaternionic Orders 201 3 Proof for ƒ.5/
We have been unable to find a geometric proof in this case. Instead we split the verification into many cases. For ƒ.5/ Q D .
2; 5
We will show that ƒ.5/ is norm Euclidean. Let h D P h i e i 2 Q D .
Q /. We want to find a q 2 A with N.h q/ < 1.
Set
are all in A. Hence we may assume each h i 2 OE0; 1. Suppose h 1 2 OE
Thus we may assume h 1 2 OE0; .˙e 2 C e 4 / 2 ƒ.5/ implies that we may assume e 4 2 OE0; 1 2 also. In summary, we may assume
Set N q D .q 1 ; q 2 ; q 3 ; q 4 /. The following N q represent elements of A:
Set n.
In the supplementary table, for each block of N h's we give a N q 2 A from (4) and compute n. N x/ where x i is the maximum, over the block, of jh i q i j. Each n. N x/ is less than one, proving that ƒ.5/ is norm Euclidean.
Extending Hurwitz's Proof
We return to the notation of the introduction: .1; a; b; ab/ denotes the form
There are exactly seven such forms, with a; b positive integers, that represent all positive integers:
. Similarly, .
1; 1
Q / is isomorphic to .
2; 3
Q / and so H 2;3;6 is also isomorphic to the Hurwitz algebra. And H 1;3;3 is isomorphic to ƒ.3/, as previously noted.
Lastly, we have shown that ƒ.5/ is a norm Euclidean order in .
2; 5
Q /. Following Hurwitz's proof with this order yields: given a positive integer n, there exists 2 ƒ.5/ such that N.˛/ D n. To prove .1; 2; 5; 10/ is universal in the style of Hurwitz requires showing that for every˛2 ƒ.5/ there exist units u i 2 ƒ.5/ such that u 1˛u2 2 L.5/ Á Z span¹1; e 2 ; e 3 ; e 4 º. But the units of the algebra ƒ.5/ are˙1;˙v 2 ;˙.1 v 2 / and a check of the cases shows that there are not units
Now, 4ƒ.5/ L.5/ which implies that .1; 2; 5; 10/ represents 16n for any positive integer n. But we have been unable to find an extension of Euler's trick (which shows that if 2n is a sum of four squares, then so is n). In short, we have the required norm Euclidean order of .
Q / but not an extension of Hurwitz's proof to .1; 2; 5; 10/. ; 0; 1 4 n. ; 0; 1 4 n. ; 0; 1 4 n. 0; 0; 0; 0 n. ; 0; 1 4 n. ; 0; 1 4 n. ; 0; 1 4 n. ; 0; 1 4 n. 
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